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One of the most outstanding results of Quantum Field Theory (QFT) on curved space-
time is the Hawking radiation discovery [22]which strengthened the analogy between black-
hole mechanics and thermodynamics [2]. Unfortunately, since a complete evaporation
would violate unitarity, the consequences of the Hawking radiation seem to undermine the
physical basis either of QFT or of the general relativity itself. Indeed, the Hawking par-
ticles, and, more generally, quantum sources violating the energy conditions, are able to
violate the third law of blackhole thermodynamics, eventually giving rise to naked singular-
ities. Recently, the role of the four dimensional trace anomaly in the blackhole evaporation
has been investigated [16]. Here, we want to analyze the effects of Hawking particles and of
trace anomaly on another important feature of blackhole thermodynamics: the third law.
The third law, analogue of the third law of thermodynamics, states that, if the energy-
momentum tensor of matter sources satisfies the weak energy condition, then the surface
gravity of the blackhole, that plays the role of the temperature, cannot be lowered down to
zero in a finite series of steps [24]. This is not the case for energy-momentum tensors arising
as vacuum expectation values of quantum fields, as in the Hawking radiation. Therefore,
the third law can be violated during the evaporation and, more generally, when energy-
momentum tensors not satisfying positivity conditions come into play. This could have
important consequences also for another of main unsolved problems in general relativity:
the cosmic censorship hypothesis (CCH ) which, roughly speaking, states that singularities
are always hidden behind a horizon. Indeed, if a suitable quantum field is able to lower
the surface gravity of a blackhole down to zero in a finite time, we could end up with a
naked singularity. This could be the case during the evaporation of a charged blackhole
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if one suppose that Hawking particles carry away mass but not charge to infinity. This
supposition is not unlike since the Hawking particles are massless (the emission of massive
particles is highly suppressed) while charged massless particles do not exist. Despite many
attempts [26] CCH is still unproved. Furthermore, some beautiful exact results in the
spherically symmetric cases [15], [17] show that it is possible to construct naked singularity
even with reasonable matter sources, this being an indication of the fact that CCH could
need quite stronger hypothesis than the third law to be proved in general. Some insights
into the physics of CCH came from the analysis of particular cases in which explicit calcu-
lations can be carried on. In the interesting cases of charged blackholes, without or with
cosmological constant [14], [12], the stability analysis showed that naked singularities are
unstable against linear perturbations.
Thus, it is quite interesting to study the effects of quantum sources, such as the Hawk-
ing radiation, on the surface gravity of an initially ”dressed” Reissner-Nordstrom blackhole.
Here we propose a toy model to investigate the following question: is it possible to trans-
form an initially non extremal charged blackhole into an extremal one by means of Hawking
particles?
Indeed, the most promising candidates to lower the surface gravity are energy-momentum
tensors arising as vacuum expectation values of quantum fields since such tensors are able
to violate all the energy conditions1. Furthermore, they are not ”strange” enough to be
neglected, being quite generic in Quantum Field Theory (QFT). We will prove, via the ex-
act Einstein equations, that, in this model, an energy-momentum tensor describing a null
quantum fluid (that is, a null fluid violating all the energy conditions) with a nonvanishing
trace anomaly cannot lower the surface gravity of the charged blackhole, so that the evap-
oration stops. Thus, the trace anomaly, that is a generic feature of QFT, could save the
third law and prevent the formation of a naked singularity even if the energy-momentum
tensor of the Hawking particles violates all the energy conditions.
1. The model
It is often claimed that blackholes evaporation can be explained only by a full quantum
theory of gravity such as the superstring theory [18] or the loop quantum gravity [36]. Re-
cently, more ”conservative” approaches to the topic, such as the effective action [31, 7] and
the renormalization group method [9], also have given new insights into the physics of the
evaporation. However, until the final stages, the evaporation is not a strong gravitational
field phenomenon because the blackhole mass decreases slowly with time [3]. Accordingly,
the standard Einstein equations with a suitable matter source can describe how the metric
evolves during the evaporation. Moreover, dynamical implementations of loop quantum
gravity show that discrete eigenvalues of geometric operators converge in a few Planck
lengths to their semiclassical approximations [10] [11].
Thus, far away (with respect to the Planck length) from the horizon a semiclassical
description should describe carefully the evaporation process. Therefore, this is an accurate
1Because of the Israel theorem [24], these violations of the energy conditions are necessary in order to
violate the third law.
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tool for our purposes, since, to study the evaporation, one has to look at the mass of the
blackhole brought at infinity by Hawking particles. Furthermore, it would be nice to solve
the problems raised by the blackhole evaporation, such as the loss of unitarity, by only
using general relativity and QFT.
The standard semiclassical program [3], [34], [40], [27], [35], [29], [30] to approach the
analysis of the back-reaction of Hawking particles on the metric consists, first, in computing
an effective vacuum stress-energy tensor of a null quantum field on the black hole space-time
of interest [34] and, then, in using this tensor as a source for the Einstein equations [40],
[27]. In this framework, the results can be easily interpreted in terms of the unperturbed
quantity, thus making manifest the changes of the blackhole space-time due to Hawking
particles [40], [27].
However, it is quite hard to obtain the expression of the vacuum stress-energy ten-
sor of quantum fields on a curved space-time. Usually, in four-dimensional geometries,
it is possible to get approximated expressions for the energy-momentum tensor only in
static situations [34], while, in dynamical models, such as the space-time of an evaporating
blackhole, it is usually computed in effective two-dimensional geometries with the refined
techniques available in string and conformal field theory [19], [25], [35], [32], [21] and in
three-dimensional models with the powerful methods provided by three-dimensional grav-
ity2 [38], [39], [28]. Therefore, in such effective models, it is not possible to take into
account the nontrivial effects of the four-dimensional trace anomaly.
Thus, a toy model is proposed in which it is possible to keep the form of the stress-
energy tensor of quantum fields as general as possible and, at the same time, to fully take
into account the trace of the stress-energy tensor of Hawking particles. It will be shown,
via the exact Einstein equations, that this has important physical consequences.
2. The Einstein tensor
A transition from a Reissner-Nordstrom blackhole of initial mass M and charge Q to
another one of final mass M and charge Q will be described outside the collapsed matter
by means of a well suited source that carries away mass from the blackhole to infinity. The
metric, valid only for r > R∗ > 0, R∗ denoting a radius larger than the initial radius of
the outer horizon (and much larger than the Planck scale, as we will explain in more detail
later on), will be written as in [3]:
g =
(
1−
m(r, v)
r
)
e2j(r,v)dv2 − 2ej(r,v)drdv − r2dΩ. (2.1)
For m = 2M −Q2/r and j = const, metric (2.1) reduces to the Reissner-Nordstrom metric
in Eddington-Finkelstein coordinates.
2Some attempts to take into account the four-dimensional trace anomaly, in the framework of dilatonic
gravity, can be found in [32].
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Since we want to probe the third law in the worst conditions, we will search for a
solution of Einstein equations satisfying the following boundary conditions:
m(r, 0) = 2M −
Q2
r
, M > |Q| ; m (r, T ) = 2M −
Q
2
r
;
Q = Q; M ≥ 0; j (r, 0) = k1; j (r, T ) = k2,
where k1 and k2 are two constants and at v = T the blackhole reaches its final state. In
fact, by taking the final charge equal to the initial one Q = Q, we compel the blackhole to
loose its mass but not its charge so, in this way, by choosing a suitable energy-momentum
tensor violating the weak energy condition, we can go as near as possible to the violation
of the third law and, eventually, of the CCH.
The above metric has the following scalar curvature
R =
{
− exp(−j)2r2∂2rvj + 3r∂rj∂rm+m∂rj
+ 2∂rm− 4r∂rj − 2r
2
(
1−
m
r
)
∂2r j
−2r2
(
1−
m
r
)
(∂rj)
2 + r∂2rm
} 1
r2
and the nonvanishing independent components of the Einstein tensor are
Gvv =
exp (2j)
r3
(m∂rm− r exp(−j)∂vm− r∂rm) ,
Gvr =
exp(j)∂rm
r2
, Grr = −2
∂rj
r
,
Gθθ =
1
2
{
− (2r +m) ∂rj − exp(−j)2r
2∂2rvj
+ 3r∂rj∂rm− 2r
2
(
1−
m
r
)
∂2r j
−2r2
(
1−
m
r
)
(∂rj)
2 + r∂2rm
}
,
Gϕϕ = sin
2 θGθθ.
3. The source
During an evaporation process, the black hole emits black-body radiation at the Hawk-
ing temperature. Since the emission of massive particles by the blackhole is strongly
suppressed, the natural choice is to take as source, beyond the electromagnetic (e.m.)
energy-momentum tensor TCµν , a null quantum fluid, so that
Tµν = gµνV (v, r) + ρ (v, r) uµuν + T
C
µν , (3.1)
with g (U,U) = 0, being U the vector field naturally associated with the differential 1-form
uµdx
µ (uµ = gµνU
ν) and being V the trace anomaly of quantum fields representing the
Hawking particles.
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Thus, Tµν has to be interpreted as the sum of the energy-momentum tensor of the
e.m. field
TCµν = gµνǫ
Q2
r4
,
with ǫ = 1 for µ, ν = 1, 2; ǫ = −1 for µ, ν = 3, 4, and a suitable average over quantum fields
that contribute to the Hawking radiation and bring mass from the blackhole to infinity.
However, we will be interested only in the asymptotic region (r → ∞) where Hawking
particles, contributing to the black hole mass decrease, have to arrive. Thus, Coulomb
terms which are of order 1/r4 and then do not contribute to the Bondi mass-whose change
we are interested in- can be neglected. We will take a neutral fluid as source because in
such a way Tµν , bringing at infinity mass but not charge, allows in principle arbitrary
violations of either the third law or the CCH.
It is fair to say that as the Hawking temperature increases, the probability of charged
particles production, specially electrons, increases as well. The inclusion of the correspond-
ing black hole charge decrease is interesting but rather cumbersome because it is necessary
to take into account the charge density continuity equation. In Section 6, it will be shown
that in a Q-constant process the trace anomaly is able to prevent the formation of a naked
singularity. In its turn, the formation of a naked singularity is more difficult in a process in
which the black hole charge decreases. This can be understood by comparing the distance
(∝
√
M2 −Q2 ) between the inner and the outer horizons in the two processes in which,
without loss of generality, the mass variation may be assumed3 to be the same. In absence
of numerical computations, we are still unable to predict the percentage of mass lost in a
process in which the charge Q is allowed to decrease. At the moment, we only know that
naked singularities do not occur and that all results also hold in the limit Q 7→ 0, that is
the trace anomaly stops the evaporation of a Schwarzschild black hole.
Since no constraints will be imposed on ρ and V , the tensor Tµν needs not to satisfy
neither the weak nor the null energy conditions, thus providing us the violations we are
searching for. To see this, let us write the weak energy condition:
Tµνn
µnν ≥ 0
for every non space-like future directed vector field nν .
In the case of the energy-momentum tensor in Eq. (3.1) the above relation reads:
g (n, n)V (v, r) + [g (U, n)]2 ρ (v, r) ≥ 0,
then we see that Tµν obeys or not the weak energy condition according to the explicit
expressions of ρ and V . We can say that the Tµν in Eq. (3.1) represents a truly quantum
source in two respects: firstly, it encodes the effects of the trace anomaly; secondly, it do
not satisfy in general the weak energy condition. However, as we will show later on, our
3This assumption is lawful because the main equations, (4.5) and (4.6), of the model do not depend
on the explicit form of the energy density ρ of Hawking particles. Therefore, the function ρ can assume
arbitrarily large and negative values and can include the contribution to the black hole mass decrease of all
possible kinds of particles participating in the evaporation
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results, not depending on the explicit form of ρ and V , hold irrespectively of the energy
conditions fulfilled by Tµν .
The null energy condition is:
Tµν l
µlν ≥ 0
for every light-like future directed vector field lν , and, in our model, it reads:
[g (l, U)]2 ρ (v, r) ≥ 0,
so that, when ρ ≥ 0, the weak energy condition can still be violated but the null can-
not. Furthermore, it is easy to see that, when ρ ≥ 0, Tµν can be thought as the energy-
momentum tensor of a null scalar field with trace anomaly:
Tµν = ∂µϕ∂νϕ+ gµνV (ϕ) . (3.2)
First of all, let us notice that the only properties of Tµν (see below) that we will need are:
T 2rv − TrrTvv = (grv)
2 V 2, gµνTµν = 4V,
and either (3.1) or (3.2) satisfy these relations. Then, when ρ ≥ 0, the r − r components
of both energy momentum tensors (3.1) and (3.2) are greater than zero:
ρ (ur)
2 ≥ 0
(∂rϕ)
2 ≥ 0.
Thus, as far as we are concerned, when ρ ≥ 0, there is no difference in treating with the
Tµν given by Eq. (3.1) or the one in Eq. (3.2).
4. The Einstein equations
Up to non radiative terms, that do not contribute to the asymptotic Hawking flux, the
Einstein equations Gµν = κTµν give:
κ−1Gvv = V
(
1−
m
r
)
exp (2j) + ρ (uv)
2 ,
κ−1Gvr = − exp (j)V + ρuruv, κ
−1Grr = ρ (ur)
2 , (4.1)
κ−1Gθθ = gθθV, −R = 4κV.
The last two equations allow us to write the scalar curvature as:
R =
4
r2
[(m− r) ∂rj + ∂rm] .
Moreover, thanks to the algebraic properties of Tµν and taking into account that g (U,U) =
0, we easily get
T 2vr − TvvTrr = (gvr)
2 V 2. (4.2)
The above relation is a consequence of the non vanishing trace anomaly and it allows to
find a closed system of equations for m and j that does not depend on the explicit form of
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ρ and V . Indeed, by the field equations, Eq. (4.2) implies the following constraint on the
Einstein tensor:
G2vr −GvvGrr = κ
2 (gvr)
2 V 2 = (gvr)
2
(
R
4
)2
(4.3)
which gives
(m− r)2 (∂rj)
2 = −2r exp (−j) ∂rj∂vm (4.4)
and this relation depends only on the fact that V 6= 0, no matter how ρ and V really
look like. Then, ρ and V can be positive, negative, and, moreover, can be either local or
nonlocal functions, thus representing a truly quantum source, the main equations of the
model not depending on their detailed form.
Let us firstly analyse the case ∂rj = 0. To begin with, thanks to the Einstein equation
Grr = κTrr, we get
∂rj = 0⇒ Grr = 0⇒ Trr = 0⇒ ur = 0⇒ U
v = 0,
since it is well known that, if ρ = 0 (that is, of course, the other solution of Trr = 0) the
unique solution is the Reissner-Nordstrom-De Sitter one. Then, via the Bianchi identities,
from Uv = 0 it follows that:
LUV = 0⇒ ∂rV = 0
where LU is the Lie derivative along U . Thus we see that, in this case, V depends only on
v. From the field equations Gθθ = gθθV and Gvr = κTvr we get
V = −
∂2rm
2r
= −
∂rm
r2
.
The above relations imply that
m = I1(v)r
3 + I2(v); V = −3I1(v).
However, this expression, unless I1(v) = 0, gives a diverging Bondi flux [8] (see below Eq.
(5.4)), so that we have to take I1(v) = 0, that is V = 0, this yielding a vanishing trace
anomaly against the hypothesis V 6= 0.
Thus, in order to describe the physical effects of a non vanishing trace anomaly, we
have to assume ∂rj 6= 0. Eventually, by using ∂rj 6= 0 in Eq. (4.4), the equations for m
and j reduce to
exp (j) ∂rj
2
= ∂v
(
r
m− r
)
, (4.5)
3m∂rj = − exp (−j) 2r
2∂2rvj + (3r∂rj − 2) ∂rm
− r∂2rm− 2r
2
(
1−
m
r
)(
∂2r j + (∂rj)
2
)
, (4.6)
where it is worth to note that only Eq.(4.5) depends on the assumption ∂rj 6= 0.
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5. The boundary conditions
We want to describe a transition from two charged blackhole (of the same charge) by
the means of the energy-momentum tensor, whose role is to take away energy from the
blackhole to infinity. Thus, if the space-time is initially asymptotically flat, so it will be
during all the evaporation process. Moreover, the asymptotically flat region is the most
important one since we want to evaluate the amount of blackhole’s mass that the Hawking
particles are able to bring at infinity. For this reason, we are only interested in the boundary
conditions in the region where r → ∞, while, with this toy model, we cannot explore the
small r-region where quantum-gravitational effects come into play so that we will only
consider the region where r > R∗, R∗ being a radius much larger than the Planck scale.
Then, let us look at the conditions to impose on the coefficients of the metric (2.1) that
will be assumed to be continuous up to the second derivatives: m, j ∈ C2 (]0, T [× ]R∗,∞[).
First of all, the asymptotic flatness implies that j cannot diverge for r → ∞, so that
|j| ≤ K1 < +∞. The same is true for m. Therefore, either m or j can be expanded there
in series of 1
r
:
j ∼
r→∞
∑
n≥0
cn(v)
rn
, m ∼
r→∞
∑
n≥0
bn(v)
rn
, (5.1)
where the coefficients cn(v) and bn(v) are bounded continuous functions. Thus, we imme-
diately see that the leading terms of ∂rj and ∂rm in the limit r→ +∞ (namely, the terms
that do contribute to the Bondi mass) fulfil the bounds
|∂rj| .
r→+∞
K2r
−2 (5.2)
|∂rm| .
r→+∞
K2r
−2, (5.3)
where K2 is a positive constant. Furthermore, the Bondi mass [8] ΦB of the metric (2.1)
is:
ΦB(v) = −
1
8π
lim
r→∞
∫
Sr
grvΓvvvdS
=
1
8π
lim
r→∞
∫
Sr
[
ej [m+ 2r (r −m) ∂rj] + 2r
2∂vj − r∂rm
]
dΩ, (5.4)
where Sr is the sphere {r = const, v = const}. Thus, we see that the previous fall-off
conditions ensure a finite Bondi flux provided we also take
|∂vj| .
r→+∞
K3r
−2,
where K3 is a positive constant that can be chosen to be equal to K2. Moreover, since
the total Bondi flux is bounded from above (otherwise the energy conservation would be
violated), we have to impose that
∣∣∣∣
∫ T
0
∂vΦB(v)dv
∣∣∣∣ < +∞ (5.5)
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from which it follows ∣∣∣∣
∫ T
0
(∂rj) dv
∣∣∣∣ ≤
r→+∞
K4r
−2,
K4 being a positive constant. It is worth to note here that the requirement of a finite
total Bondi flux is a necessary condition to ensure the conservation of energy, since the
total Bondi flux is nothing but the difference between the final and the initial mass of
the blackhole. For these reason, the above relation has to be fulfilled even in the limit
T → +∞. Moreover, the condition (5.5) imposes a new constraint only on ∂rj while, as
far as the other terms are concerned, the conditions (5.2) and (5.3) suffice to satisfy the
condition (5.5). This fact suggests that, on physical grounds, the term
∫ T
0 (∂rj) dv should
give the main contribution to the total Bondi flux. It will be a self-consistency test of these
computations to confirm this expectation by showing that in the formula of the final mass
only the term
∫ T
0 (∂rj) dv appears explicitly. Then, the problem reduces to solve Eqs. (4.5)
and (4.6) with the boundary conditions
m, j ∈ C2 (]0, T ]× ]R∗,∞[) , (5.6)
|m| , |j| ≤ K1 < +∞, |∂vj| , |∂rm| , |∂rj| ≤
r→+∞
K2r
−2 (5.7)
lim
r→∞
∣∣∣∣
∫ T
0
(∂rj) dv
∣∣∣∣ ≤ K4r−2, (5.8)
m(0, r) =M > 0; j(0, r) = k1; m(T, r) =M ≥ 0; j(T, r) = k2,
where K1, K2, K4, k1 and k2 are positive constants. It is important to stress that Eqs
(4.5) and (4.6), not depending on the explicit form of ρ and V , are not coupled with the
matter source but, however, because of the relation (4.3), are a direct consequence of the
non vanishing trace anomaly.
6. The non vanishing final mass
Now, it will be proven that the trace anomaly prevents a complete evaporation. Indeed,
by using the boundary conditions j(0, r) = 0 and m(0, r) = 2M − Q
2
r
, from Eq. (4.5) it
follows that the function m can be expressed in closed form in terms of j in the following
way:
m(v, r) = r −
r
r2
r2−2rM+Q2 −
1
2∂r
∫ v
0 exp [j(τ, r)] dτ
, (6.1)
whose time derivative reads
∂vm = −
rej∂rj
2
(
r2
r2−2rM+Q2 −
1
2∂r
∫ v
0 exp [j(τ, r)] dτ
)2 . (6.2)
Thus, thanks to Eq. (4.1), the sign of ∂vm is directly related to the sign of ρ. The final
mass M may be expressed as
M =
1
2

Q2
r
+ r −
r
r2
r2−2rM+Q2
− 12∂r
∫ T
0 exp [j(τ, r)] dτ

 . (6.3)
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It is worth to note that m(v, r), and then M , cannot be negative. In fact, by using
Eqs (5.7) and (6.3) we have:
m ∼
r→+∞
r −
r
1 + 2M
r
− Q
2
r2
− vK2 exp[K1]
2r2
≥ 0
being M > 0. Furthermore, by Eq. (6.2), it is trivial to show that:
ρ ≥ 0⇒ ∂rj ≤ 0⇒M ≥M
ρ < 0⇒ ∂rj > 0⇒M < M.
Then, when ρ ≥ 0, so that Tµν describes a null scalar field violating, at most, the weak
energy condition but not the null one, the evaporation does not take place. Moreover, in
this case, the boundary conditions (5.7) do not play any role.
However, even when ρ < 0, a remnant is left. In fact, Eq. (6.3) implies that the
function
F (r) =
1
2
∫ T
0
exp [j(v, r)] dv
has to satisfy the following ordinary differential equation:
∂rF =
r2
r2 − 2rM +Q2
−
r2
r2 − 2rM +Q2
. (6.4)
Since the initial blackhole is not extremal, we can write
r2
r2 − 2rM +Q2
=
1
r+ − r−
(
r2
r − r+
−
r2
r − r−
)
(6.5)
where
r± =M ±
√
M2 −Q2.
Eqs (6.4) and (6.5) give:
F = r +
1
r+ − r−
ln
(r − r+)
r2+
(r − r−)
r2−
−
∫ r x2dx
x2 − 2xM +Q2
+N (6.6)
where N is an integration constant.
The above relation is not compatible with the boundary conditions. In fact, unless
M =M , it is easy to see that
F (r) →
r→+∞
∞,
while the boundary conditions (5.7) imply
∞ >
1
2
TeK1 ≥
1
2
∫ T
0
ej(v,r)dv = F (r) →
r→+∞
∞.
Furthermore, main qualitative features do not change if we also allow a variation of the
charge, the result being always incompatible with the formation of a naked singularity.
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Then, even with the ”worst” energy-momentum tensor (i.e. a Tµν violating all the en-
ergy conditions), the surface gravity cannot vanish preventing the formation of a naked
singularity, that is, the evaporation stops because of the trace of the energy-momentum
tensor that carries away energy from the blackhole to infinity [16]. Moreover, thanks to
the boundary condition (5.8), it is easy to see that the same results also hold in the limit
T → ∞. In fact, Eq. (6.3) shows that, in order to have a final mass different from the
initial one, the following relation should hold:
∫ ∞
0
exp [j(v, r)] ∂rjdv ∼
r→+∞
K5
r
, (6.7)
K5 being a positive constant (otherwise, the coefficient of the 1/r-term in the denominator
of the r.h.s. of Eq. (6.3), that represents the blackhole mass, would not change). However,
from relation (5.8), we get
∫ ∞
0
exp [j(v, r)] ∂rjdv ≤ e
K1
K4
r2
,
and the above relation is clearly incompatible with Eq. (6.7). By taking the limit of a
vanishing charge [16], we obtain that the trace anomaly of the Hawking particles is able
to stop the evaporation irrespectively of the positivity conditions fulfilled by the energy-
momentum tensor.
In conclusion, in this toy model, it could be possible to take care of the puzzles raised
by the Hawking radiation, such as the possible violations of the third law, formation of
naked singularities, the unitarity puzzle and the information loss paradox [16], by taking
into account the trace anomaly via the exact Einstein equations. This is a quite interesting
results since the trace anomaly, that is a generic feature of QFT (namely, it is related to the
β−function of the quantum fields that can vanish only in highly idealized (super)symmetric
theories), has a prominent role in stopping the evaporation, so, in some sense, QFT itself
could prevent the formation of a naked singularity and the loss of unitarity. This would
be a positive self-consistency check for QFT [16]. To complete the analysis, the explicit
expression, in terms of the charge Q = Ze, of the remnant mass M = MP f (Z) should be
determined, where MP =
√
~c/G denotes the Planck mass. At this level of analysis, in
which numeric computations have not yet been performed, we may only say that f (0) 6= 0,
since previous results also hold in the limit Q −→ 0. The function f strongly depends
on the conformal anomaly whose expression, being determined by all quantum fields that
contribute to the Hawking radiation, is not available yet. However, the remnant mass is
an increasing function of conformal anomaly because this latter is responsible for stopping
the evaporation.
Many previous works on this topic [3], [29] showed that, by neglecting the four-
dimensional trace anomaly, the blackhole, in a time of the order O(M3), can loose all
its mass, as first predicted by Hawking [22]. Thus, the following questions arises:
which is the new insight related to the four dimensional trace anomaly?
when is the trace anomaly not negligible anymore?
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7. Field-theoretical features
In this section the Planck constant ~, the light velocity c and the gravitational constant G
have been restored. It is easy to check that Eqs (4.5) and (4.6) are formally scale-invariant.
Namely, if m0 and j0 are a solution of the system, then λm0 and j0 are a solution too
(provided we also make the transformation r → λr, t→ λt). Then, because of the freedom
in changing the energy scale, Eqs (4.5) and (4.6) by themselves do not provide us with a
lower bound on the remnant mass.
However, this is only formally true. For instance, the presence of a nonvanishing
cosmological constant Λ, being the value of Λ fixed by experiments, would violate the scale
invariance because no scale transformation on Λ could be performed. In other words, Λ
introduces a characteristic energy scale in the evaporation process. The same is true for
the trace anomaly, because it also breaks the scale invariance and this breaking is hidden
in the r.h.s. of the Einstein equations.
Now we will present a highly qualitative argument to obtain a lower bound for the
remnant mass and a new insight into the relations between a complete evaporation and the
loss of unitarity on purely thermodynamical grounds, although, in order to know exactly
when the trace anomaly comes into play, one should have the explicit expressions of both
ρ and V or, at least, an estimate of their ratio V/ρ. Furthermore, in order to provide
a clear physical intuition, we will follow as close as possible an interesting analogy with
the computation of the Casimir force. In the following, for the sake of simplicity, we
will consider the case of a Schwarzschild blackhole shortly analysed in [16], although the
analysis can be extended to the charged case too. The treatment is absolutely non rigorous
since it is intended only to give an intuitive picture of the process.
As originally found by Hawking [22], the expectation value of the operator number
of a bosonic field of spin zero, measured by a static observer in the asymptotic future of
Schwarzschild blackhole of mass M , is
ni =
1
exp(~ωi/kTH)− 1
, (7.1)
where k is the Boltzmann constant and
TH =
~c3
8πkGM
is the Hawking temperature. Since our purpose is to get only an order of magnitude
estimate, in the following the greybody factors will be neglected.
It is known that the basic ingredients to get the relation (7.1) are the existence of
a horizon and the fact that on curved space-times, because of the lacking of a preferred
Poincare´ symmetry group, the notion of particle is not an invariant concept. Thus, since
the Einstein equations are not needed to get the above relation, it is lawful to say that the
Hawking effect is only ”kinematical” [37]. From the physical point of view, this means that,
since in deducing relation (7.1) the background metric is kept fixed, we are neglecting the
backreaction effects of the emitted particles on the metric so that the energy conservation
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is not fulfilled. In fact, the blackhole should give to the Hawking particles the energy they
need to be created but, if M does not change, this, obviously, does not happen.
Hence, by imposing the conservation of energy, we will take into account the back-
reaction, i.e. we will ensure that this thermal particles are created by the mass lost by
the blackhole. In the following, we will assume that the expectation value of the operator
number ni = ni (M) changes adiabatically as a function of M . This assumption is well
verified in all the situations in which the blackhole thermodynamics is applicable [29].
Now we will compute how the expectation number (7.1) increases due to the decrease of
the blackhole mass and then we will write the conservation of energy for this process. This
point of view is quite similar to the one adopted in the computation of the Casimir force.
In fact, in the latter case, one first computes the zero modes and the vacuum energy (that
is, of course, a divergent but unobservable quantity) in a configuration with some nontrivial
boundaries, and then computes the variation of the vacuum energy due to an infinitesimal
change in the boundaries that is finite and observable as well. In the blackhole case, the
boundary is the Schwarzschild radius so that a change in the mass can be thought as a
change in the boundary. For this reason, we should do the same and obtain the same results
(namely, that the energy due to the particles created by the mass lost by the blackhole is
a finite quantity). Therefore, if M →M + δM , then ni → ni + δni with
δni =
∂ni
∂M
δM = −
8πG~ωi exp(~ωi/kTH)
~c3 (exp(~ωi/kTH)− 1)
2 δM. (7.2)
Then, the main step to get a lower bound of the remnant mass is to impose that the
new particles are created by the mass lost by the black-hole, that is, we have to fulfil the
conservation of energy:
c2δM +
∑
i
~ωiδni ≤ 0, (7.3)
where, since the blackhole is evaporating, δM < 0 and in Eq. (7.3) the inequality has to
be used. In fact, besides the spin-zero bosons described by the relation (7.1), the mass
lost by the blackhole also gives rise to other kind of particles, such as fermions or bosons
with higher spin. For this reason, if we would use the equality in Eq. (7.3), we would
neglect all the other particles that the blackhole is able to create. Then, the second term
in Eq. (7.3) encodes, in the thermodynamical limit, the backreaction effects of the emitted
particles on the gravitational field. It is clear from Eq. (7.3) that, as long as M is big
enough, the second term in the inequality is completely negligible and the usual blackhole
thermodynamics should apply.
However, the smaller is M , the harder is to fulfil Eq. (7.3). In fact, from Eqs. (7.2)
and Eq. (7.3) it follows that
1 ≥
8π
(c2MP )
2
∑
i
(~ωi)
2 exp(~ωi/kTH)
(exp(~ωi/kTH)− 1)
2 , . (7.4)
It is worth to note here that, in the above relation, as expected on the grounds of the
analogy with the Casimir case, neither infrared nor ultraviolet divergences appear, so that
we do not need any regularization. Furthermore, Eq. (7.4) implies that the conservation
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of energy can be satisfied only for M ≥M , where M is implicitly defined by the following
equation:
1 =
8π
(c2MP )
2
∑
i
(~ωi)
2 exp(8πGωiM/c
3)(
exp(8πGωiM/c3)− 1
)2 ,
It is worth noting here that this is only a lower bound and that the remnant could be
quite larger than the Planck mass. In fact, if we would be able to include in Eq. (7.3) all
the different kinds of massless particles that contribute to the evaporation process (such as
fermions or bosons with higher spin, etc.), then the inequality in Eq. (7.3) would become
an equality, so that there would not be phase space available anymore for the evaporation
itself. Moreover, as it has been shown above, if the trace anomaly V was of the same order
of ρ then the evaporation would halt well before reaching the Planck scale.
Thus, the conservation of energy, and then the backreaction, prevents the blackhole
mass M from being lower than M . Since a smaller mass is not allowed by the energy
conservation, the remnant is stable. Besides being an interesting result in itself, this makes
clear the relation between energy conservation and complete evaporation. In fact, it has
been speculated [23] that, since it seems that a complete evaporation cannot be ruled out,
QFT has to be generalized to allow nonunitary processes. However, if one tries to do this,
then the energy conservation is lost [20], [4]. Instead, Eq. (7.4) shows that the energy
conservation itself stops the evaporation. Moreover, this conclusion fits very well with the
results obtained in [13], [1].
8. Conclusions and perspectives
In this paper a toy model is proposed to describe a transition from a Reissner-Nordstrom
blackhole of massM and charge Q to a Reissner-Nordstrom blackhole of massM and charge
Q. The basic equations are derived from the non-vacuum Einstein equations, the source
being an energy-momentum tensor with a non vanishing trace representing the massless
quanta of the Hawking particles. Nevertheless, the results do not depend on the explicit
form of the energy-momentum tensor, thus allowing in principle arbitrary violations of all
the energy conditions. We showed, via the exact Einstein equations, that the trace of the
energy-momentum tensor prevents any lowering of the surface gravity saving, in this way,
the third law of blackhole thermodynamics from the Hawking radiation and preventing the
formation of a naked singularity. In the limit of a vanishing charge, this approach shows
that the trace anomaly of the Hawking particles stops the evaporation. In this way, the
information loss paradox could be resolved by taking into account the information detained
by the remnant and by the Hawking radiation through the Bekenstein mechanism [6]. We
also briefly analyzed the field-theoretical connection between the blackhole evaporation and
the cosmological constant.
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